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Optimal Power Flow:  Decisions 

Power Production Schedules  Locational Marginal Prices 



Optimal Power Flow:  Requirements 

Thermal Line Limits 

Generator Production Limits 

Power Demand 



Optimal Power Flow:  Goal 

ISO/RTO Perspective:  Minimize total power production cost 



Optimal Power Flow  
Mathematical Formulation 

•  Objective:  Minimize Power Production Cost 
•  Constraints: 

§  Min/Max Voltage Limits 
§  Max thermal Line Limits 
§  Generator Min/Max Limits 
§  Meet Real and Reactive Power Demand 

Nonlinear and Nonconvex 
Large Problems 



Approaches to Finding the  
Optimal Power Flow 

•  ISOs & RTOs:  Decoupled AC/DC 
•  Alternatives: 

§  Exact Methods (i.e. Newton-Raphson) 
§  Semidefinite Representation 
§ Conic Relaxation 
§  AC Linear Approximation 

•  Power-Voltage Model:  Coffrin & Van Hentenryck 
•  Current-Voltage Model:  This presentation 



LP-ACOPF Overview 

Solve LP 
Approximation 

AC Feasible or at 
Iteration Limit? 

Add voltage 
and current 
cuts 

Reset fixed points 
in LP optimal 
solutions 

Return 
Solution 

Yes 

No 

Set Initial 
Fixed Points 



Nomenclature 

•  Variables 
§  v = voltage 
§  i = current 
§  p = Real power 
§  q = Reactive Power 

•  Indexing:  n, m = 
buses 

•  Parameters 
§  g = conductance 
§  b = susceptance 
§  cp = real power cost 
§  cq = reactive power 

cost 
§  cpen = penalty cost of 

violating constraints 



Nomenclature 

Fixed Points: 
§  vr = value of Re{v} from prior iteration 
§  vj = value of Im{v} from prior iteration 
§  ir = value of Re{i} from prior iteration 
§  ij = value of Im{i} from prior iteration 

v

vr
 = v cos(θ) 

vj
 = v sin(θ) 

i

ir = i cos(θ) 

ij = i sin(θ) 



ACOPF I-V Formulation:   
Cost Function 
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Cost = Real Power Cost + Reactive Power Cost + Penalty Cost 

Real Power Cost 



ACOPF I-V Formulation:   
Linear Real Power Step Function 
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ACOPF I-V Formulation:  
Penalty Cost 

Min Max 

Slope = cpen 
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Penalty cost = cpen(vviol+pviol+qviol)  
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ACOPF I-V Formulation:   
Linear Constraints 

Minimize ∑n cp
n

 (pn)+cq
n

 (qn)+cpen(vviol+pviol+qviol) 
Subject to 

Current-Voltage Relationship of Lines: 
            
 
 
 
Definition of current at a bus: 
 
 
 
 

Linear Constraints 

irnm  =  gnm (vrn  −  vrm ) −  bnm (v jn  −  v jm ) "real" part
i jnm  =  bnm (vrn  −  vrm ) +  gnm (v jn  −  v jm ) "imaginary" part

irn = irnm
m
∑                           "real" part

i jn = i jnm
m
∑                           "imaginary" part



“real” line current definition 

“imag” line current definition 

“real” bus current definition 

“imag” line current definition 

 
 

min/max voltage limits 

max current limits 

real power definition 

reactive power definition 
min/max real power limits 
min/max reactive power limits 

ACOPF I-V Formulation 

Linear Constraints 

Nonlinear Constraints 

irnm  =  gnm (vrn  −  vrm ) −  bnm (v jn  −  v jm )     
i jnm  =  bnm (vrn  −  vrm ) +  gnm (v jn  −  v jm )     

irn = irnm
m
∑                                                   

i jn = i jnm
m
∑                 
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ACOPF I-V Formulation:   
Nonlinear Constraints 
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Convex Constraints: 

Nonconvex Constraints: 
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Voltage & Current Constraints 
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Linearizing Voltage & Current Constraints: 
 Initial Approximations 
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Linearizing Voltage & Current Constraints 

Initial Approximation Iterative Cuts 

New Constraint 

Previous 
Solution 
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Power Approximation:   
1st Order Taylor Series Approximation 
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n, vj
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Actual Power 
Function 

Estimated 
Power Function 



Power Approximation:   
1st Order Taylor Series Approximation 
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Power Approximation:   
1st Order Taylor Series Approximation 
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Linearized ACOPF Formulation 
Linearized Real and Reactive Power Constraints: 
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Linearized ACOPF Formulation 
Linearized Real and Reactive Power Constraints: 
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Initial Voltage & Current Constraints: 
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r cos 2πa L( )+ vnj sin 2πa L( ) ≤ vnmax

inm
r cos 2πa L( )+ inmj sin 2πa L( ) ≤ inmmax

L = # of cuts; 
a= 1, 2, 3, …, L 



Linearized ACOPF Formulation 
Linearized Real and Reactive Power Constraints: 
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Initial Voltage & Current Constraints: 
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r cos 2πa L( )+ vnj sin 2πa L( ) ≤ vnmax

inm
r cos 2πa L( )+ inmj sin 2πa L( ) ≤ inmmax

Iterative Voltage and Current Cuts: 
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LP-ACOPF Procedure 

Solve LP 
Approximation 

AC Feasible or at 
Iteration Limit? 

Add voltage 
and current 
cuts 

Reset fixed points 
in LP optimal 
solutions 

Return 
Solution 

Yes 

No 

Set Initial 
Fixed Points 



Testing Data 

Buses Lines Generators Demand Vmax Vmin 
Number Total 

Capacity 

14 20 5 7.72 2.59 1.06 0.94 
30 41 6 326.80 42.42 1.10 0.94 
57 80 7 326.78 235.26 1.06 0.94 

118 186 54 99.66 42.42 1.06 0.94 

Data Sets:  IEEE Test Systems 

Current Constraints:  Created to be binding on some lines 

# Buses 14 30 57 118 
Tightly Constrained Max Current 0.2264 0.3092 1.4027 0.9294 
Loosely Constrained Max Current 0.6246 0.3162 1.4168 2.7536 

Linear Solver:  Gurobi 4.0 
Nonlinear Solver:  IPOPT 3.8 



LP-ACOPF Procedure 

Solve LP 
Approximation 

AC Feasible or at 
Iteration Limit? 

Add voltage 
and current 
cuts 

Reset fixed points 
in LP optimal 
solutions 

Return 
Solution 

Yes 

No 

Set Initial 
Fixed Points 

How 
many 
cuts? 



Voltage and Current Approximation:   
Outer Cuts 
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Voltage and Current Approximation 
Outer Cuts 

Test Case:  IEEE 118 Buses, Current Tightly Constrained  
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Voltage and Current Approximation 
Outer Cuts 

Test Case:  IEEE 118 Buses, Current Tightly Constrained  
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Results:  Current Constrained Tightly 
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Results:  Current Constrained Loosely 
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Transmission Switching Formulation: 
Modifications 

Replace 

With 

znm = 1 if line n-m is switched off (no current flow); 0 otherwise 

irnm  =  gnm (vrn  −  vrm ) −  bnm (v jn  −  v jm )
i jnm  =  bnm (vrn  −  vrm ) +  gnm (v jn  −  v jm )

inm
r cos 2πa

L( )+ inmj sin 2πa
L( ) ≤ inmmax

irnm  ≤  gnm (vrn  −  vrm ) −  bnm (v jn  −  v jm )+ znmM
irnm  ≥  gnm (vrn  −  vrm ) −  bnm (v jn  −  v jm )− znmM
i jnm  ≤  bnm (vrn  −  vrm ) +  gnm (v jn  −  v jm )+ znmM
i jnm  ≥  bnm (vrn  −  vrm ) +  gnm (v jn  −  v jm )− znmM

inm
r cos 2πa

L( )+ inmj sin 2πa
L( ) ≤ 1− znm( )inmmax



Transmission Switching Results 
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  Transmission Switching Results 
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Transmission Switching Results 
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Conclusions 

•  I-V linear method solves the ACOPF with 
cost within 4% of nonlinear method 

•  I-V linear method is generally 5-10 times 
faster than the nonlinear method 

•  Transmission switching can lower cost 
significantly 
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ISO/RTO Approach 

•  Approach:  Solve DC Approximation.  If 
answer is AC-infeasible, tighten line limits. 

•  DC Approximation Assumptions: 
§  Voltage Magnitudes Fixed to 1 p.u. 
§ Resistance << Reactance 
§  Small Angle Approximation 

•  Problems: 
§ No guarantee of AC feasibility 
§  If AC feasible, suboptimal! 



Creating Current Constraints 

•  Solved ACOPF (w/o current constraints) 
•  imax* = maximum {optimal line currents} 
•   |inmk| ≤ (f) imax* , 0 ≤ f ≤  1 
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Effect of Current Constraint Levels 
Effect on Objective Value of Current Line Constraints on 

Nonlinear IV ACOPF with Linear Objective Function
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Effect of Current Constraint Levels 

Effect on CPU Time of Current Line Constraints on the 
Nonlinear IV ACOPF with Linear Objective Function

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18

14 Bus 30 Bus 57 Bus 118 BusRa
tio

 o
f C

PU
 T

im
e 

to
 U

nc
on

st
ra

in
ed

 C
PU

 T
im

e

Tight Constraint
Loose Constraint




